INTRODUCTION
Various stochastic models of inventory systems have been studied recently by Yadavalli & Joubert [2003] , Yadavalli et al [2004] . Studies on perishable product inventory systems have gained much importance in literature (Kumaraswamy and Sankarasubramanian [1981] , Kalpakam and Arivarignan [1988] , Pal [1990] , Liu [1990] , Raafat [1991] and Kalpakam and Sapna [1994, 1996] ). In the stochastic analysis of such inventory systems, it is generally assumed that the distributions of the random variables representing the number of demands over a period of time, the lifetime of the product and the lead-time remain the same and do not change throughout the domain of the analysis. However, there are external factors that affect these random variables. Seasonal changes can affect the demand rate, the perishing rate, the selling price and the cost of replenishment. The demand for umbrellas and rain shoes are higher in winter than in summer. The perishing rates of vegetables are higher in summer. The selling price and the cost of replenishment also fluctuate over time due to reasons such as inflation and non-availability of the product. The state of the environment in which the system is operating may randomly change due to several factors, including weather conditions and breakdown of storage facilities.
Consideration of the impact of the random environment on such inventory systems is, therefore, absolutely essential. Only a few authors have considered inventory systems operating in random environments (Feldman [1978] , Pal [1990] , Song and Zipkin [1993] and Girlich [1998] ). These authors considered non-perishable product inventory evolving in random environments. The survey of Raafat [1991] presents only literature on deteriorating inventory models in non-changing environments. Kalpakam and Sapna [1996] considered inventory models where the items have constant perishing rates only.
A perishable product inventory system operating in a random environment is studied in this chapter. For the sake of simplicity, the stochastic environment is considered to alternate randomly over time between two states, 0 and 1, according to an alternating renewal process. When the environment is in state , the items in the inventory have a k 41 U Un ni iv ve er rs si it ty y o of f P Pr re et to or ri ia a e et td d --V Va an n S Sc ch ho oo or r, , C C d de e W We et t ( (2 20 00 06 6) ) perishing rate k µ , the demand rate is k λ and the replenishment cost is . Assuming instantaneous replenishment at the epoch of the first demand after the stock-out and associating a Markov renewal process with the inventory system, the stationary distribution of the inventory level and the performance of various measures of the system evolution are obtained.
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This chapter is structured as follows:
Section 2.2 provides the assumptions and notation of a model of an inventory system operating in a random environment and certain auxiliary functions are obtained in Section 2.3. An associated Markov renewal process is analyzed in Section 2.4. In Section 2.5, the stationary distribution of the inventory level is given and the stationary measures of performance of the system are obtained in Section 2.6. A cost analysis for the model of the inventory system is presented in Section 2.7. Section 2.8 considers a particular case of the general model and obtains the probability distribution of the total sales proceeds up to any time t . In Section 2.9, another particular case of the general model is considered and the total replenishment cost incurred up to t is studied, followed by a numerical illustration in Section 2.10.
ASSUMPTIONS AND NOTATION

Assumptions
A continuous review inventory system operating in a random environment is considered. The random environment is assumed to alternate between two states, 0 and 
Notation
The state of the environment at time t π
AUXILIARY FUNCTIONS
In this section, the underlying stochastic process is identified as a Markov renewal process. In order to study its transient behaviour, certain auxiliary functions are obtained in this section.
Function
An interval in which there is no replenishment and the environment remains in a fixed state, the inventory level process behaves like a death process. To describe the behaviour of this process, the function
is defined, where and
To derive an expression for consider that if 0, a change in the state of occurs due to any one of the following mutually exclusive and exhaustive cases:
A demand for the product occurs
(ii) An item perishes and is removed instantaneously from the inventory Accordingly Case 1:
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Case 3:
Taking Laplace transforms, the equations (2.1) to (2.4) yield the following: Consider the point process of r -events occurring in an interval in which there is no change in the state of the environment. Let 
Consider an interval in which there is no change in the state of environment. The function is defined as follows: 
where and = 0, 1.
INVENTORY LEVEL
Let be the successive epochs at which the environment changes its state and ... , , 0
is a Markov renewal process (Cinlar [1975a] ) with the state space
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The function
has the following interpretation. Given that the environment over its state to , at time and that the inventory level at is , the probability is
that the subsequent change of the state of the environment takes place at time not later than a duration t from and that the state of
Since 's are epoch transitions of the process
The semi-Markov kernel of the Markov renewal process is given by the following
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where is a matrix of order ( )
whose elements are given by (2.10) and the matrix ) (t B is of order ( ) ( )
whose elements are given by (2.11).
For any two elements and
represents the expected number of renewals of the state ( 
If is the matrix Laplace transform defined by (see Girlich, 2003 
then, from the theory of Markov renewal process, 
is the probability that the inventory level is j at time t given that initially, at time , the inventory level is i and the environment level is k . To obtain an expression for
, the vector process ( ) Cinlar [1975] ) with state space 1 E and the Markov renewal process ( embedded in it. Its probability function is defined by
where and
An auxiliary function is defined as follows:
This function has the following probabilistic interpretation:
Given that the inventory level is and that the environment is in state , at time t = 0, the probability is Since corresponds to the epoch of change of the state of the environment from the state of the process, the following conditions apply:
Conditioning on the random variable ,
The solution of (2.15) is given by 
LIMITING DISTRIBUTION OF THE INVENTORY LEVEL
has a stationary distribution, the semi-regenerative process )) ( ), ( ( t t L ξ also has a stationary distribution defined by
To obtain ) , ( 
From the definition of Cinlar [1975] indicates that
By applying a theorem on semi-regenerative process,
The stationary distribution of can be obtained, defined by
MEASURES OF SYSTEM PERFORMANCE
Mean Number of Replenishments
Let be the first order product density of the point process of ) (t h r r -events. Since at the epoch of an r -event the environment may be either in state 0 or 1,
The mean number of replenishments in ( ] 
Mean Number of Demands
Since replenishment is instantaneous, any demand that occurs is satisfied. Define
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Then is the first-order product density of the d -events and 
Consequently, the mean stationary rate of demands is given by
Let
be the product density of d -events occurring while the environment is in state Then,
Mean Number of Perished Items
For the first-order product density of the point process of ) (t h π π -events,
where .
The mean number of items that perish in the interval ( ] t , 0 is then given by 
COST ANALYSIS
The profit per unit time can be formulated as follows: 
TOTAL SALE PROCEEDS
Assuming the following:
The demand rate is a constant and is the same for all time .
The selling price of one item is when the environment is in state k , k = 0, 1. Consequently, the total time in ( ) t , 0 during which the environment is in state 0 is
. Tackacs (1957a,b) has investigated and obtained the distribution function of
Since represents the total number of demands which have occurred up to time t , the total sale proceeds to time t is given by
Assuming that is a stationary renewal process, equation (8.1) can be expressed
For simplicity, assume that , where is a fixed positive integer. Setting The equation (2.27) simplifies as
In order to determine the probability distribution of , the joint probability distribution of and
For any non-negative integer k , the event ) ) ( ( k t S = occurs if and only if one of the following events occurs:
where r is the largest integer less than or equal to
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Further specializing to the case where
The following results from the work of Tackacs (1957a,b) :
where stands for the Heaviside function. Now, for this particular case, the pdf of
The following cases are applicable: 
is explicitly known in all the cases, the probability distribution of ) ( t S is obtained from (2.30).
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THE TOTAL COST OF REPLENISHMENT
Let the cost of replenishment be when the environment is in state and be the total cost of replenishments up to time . Proceeding as in Section 2.8,
Where represents the number of replenishments made in the interval .
Consequently,
where is the largest integer less than or equal to 
NUMERICAL ILLUSTRATION
In this section, numerical examples illustrate the functioning of the inventory system operating in a random environment. 
Analysis of Measures of System Performance
Analysis of Probability Distributions
The probability distribution of the total sale proceeds obtained in Section 2.8 is Fixing the demand rate λ = 0.3, the value of a is increased to obtain the values of the probability P[S(10) = 10] corresponding to the cases k = 8 and k = 20 (Table 2 .6).
Fixing a = 0.00006, the demand rate of λ is increased to obtain the values of P[S(10) = 10] corresponding to k = 8 and k = 20 (Table 2 .7).
The time dependent behaviour of P[S(t) = k], in the interval 0 < t< 10 is also illustrated.
For this purpose, k = 5, a = 0.00001 and k = 6 to obtain P[S(t) = 5], 0 < t < 10 for three cases λ = 0.1, λ = 0.2 and λ = 0.3 (Table 2 .8). It is noted that the probability increases as time increases in (0, 10) and that the probability increases as the demand rate λ increases.
Finally, the probability distribution of the total cost of replenishment obtained in Section 2.9 are considered and evaluated numerically by assuming the following values for the parameters: m = 2, k = 10, t = 10
Fixing the demand rate λ = 3.0, the value of a is increased. Note that the probability P[C(10) = 10] increases for both cases k = 8 and k = 10 as detailed in Table 2 .9.
Fixing a = 0.00006 and increasing λ, note that the probability decreases for both cases k = 8 and k = 10 as per Table 2 .10.
The time-dependent behaviour of P[C(t) = k], 0 < t < 10 is illustrated by assuming k = 20, a = 0.00006 and considering three cases: λ = 3.0, 3.2, 3.4 as detailed in Table 2 .11.
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CONCLUSION
A model of a perishable product inventory system operating in a random environment is studied in this chapter. For the sake of simplicity, the stochastic environment is considered to alternate randomly over time between two states 0 and 1 according to an alternating renewal process. When the environment is in state k , the items in the inventory have a perishing rate k µ , the demand rate is k λ and the replenishment cost is . Assuming instantaneous replenishment at the epoch of the first demand after the stock-out and associating a Markov renewal process with the inventory system, the stationary distribution of the inventory level and the performance of various measures of the system evolution are obtained. Numerical examples illustrated the results obtained.
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